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We show that if X is a regular D-scattered space and X is the union of a ﬁnite collec-
tion of submetacompact spaces, then X is a D-space, where D is the class of all D-spaces,
hence X is a D-space if X is the union of a ﬁnite collection of submetacompact C-scattered
spaces, where C is the class of all compact spaces. This gives a positive answer to a ques-
tion mentioned by Martínez [J.C. Martínez, On ﬁnite unions and ﬁnite products with the
D-property, Topology Appl. 158 (2) (2011) 223–228].
In the second part of this note, we show that the product of a ﬁnite collection of reg-
ular weak θ-reﬁnable (or (sub)metacompact) C-scattered spaces and a Lindelöf D-space
is a D-space. In the last part of this note, we show that if X is a regular meta-Lindelöf
D-scattered space with locally countable extent, then X is a D-space. As a corollary, every
meta-Lindelöf locally compact Hausdorff space is a D-space.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A neighborhood assignment for a space X is a function φ from X to the topology of the space X such that x ∈ φ(x) for any
x ∈ X . A space X is called a D-space if for any neighborhood assignment φ for X there exists a closed discrete subspace D
of X such that X =⋃{φ(d): d ∈ D} [6]. Many classes of spaces are known to be D-spaces [8]. In this note the class of all
D-spaces is denoted by D and the class of all compact spaces is denoted by C.
We do not know whether ﬁnite unions of D-spaces are D . But there are some results on the union of certain D-spaces.
In [3], it was proved that the union of a ﬁnite collection of metric spaces is D . If X is the union of a ﬁnite collection of spaces
with point-countable bases, then X is D [2]. The union of a ﬁnite collection of Moore spaces (or regular subparacompact
C-scattered spaces) is D [13]. In [10], J.C. Martínez and L. Soukup showed in a direct way that a space is D if it is a ﬁnite
union of subparacompact scattered spaces. The result mentioned of [10] was improved in [9]. The main result of [10] is
that any countable or locally ﬁnite family of regular Lindelöf C-scattered spaces is D . In [9], Martínez proved that every
regular locally D-space which is the union of a ﬁnite collection of subparacompact spaces and metacompact spaces has the
D-property, and marked that it was not known whether every regular space which is a ﬁnite union of submetacompact
C-scattered spaces has the D-property (in the last paragraph of [9]). In the ﬁrst part of this note, we show that if X is a
regular D-scattered space and X is the union of a ﬁnite collection of submetacompact spaces, then X is a D-space, hence
X is a D-space if X is the union of a ﬁnite collection of submetacompact C-scattered spaces. This gives a positive answer
to the question mentioned by Martínez.
In [1, Theorem 2.11], it was pointed out that there is a Tychonoff Lindelöf D-space X and a separable metric space M
such that X × M is not D . There are some results on products of D-spaces. In [14], Peng proved that a countable product
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DC-like spaces are D , hence the countable products of regular paracompact C-scattered spaces are D [16].
Martínez proved that the product of a regular subparacompact C-scattered space and a Lindelöf D-space is D [9]. This re-
sult is generalized in the second part of this note, we show that the product of a ﬁnite collection of regular weak θ -reﬁnable
(or (sub)metacompact) C-scattered spaces and a Lindelöf D-space is a D-space.
On covering properties, we know that every compact T1-space is a D-space. Recently, D.T. Soukup and P.J. Szeptycki have
shown that under ♦ there is a Hausdorff hereditarily Lindelöf space which is not D [19]. However, it is not known whether
every regular Lindelöf space is D . Some spaces which have certain covering properties and scattered property are D-spaces.
For example, every weak θ -reﬁnable D-scattered space is a D-space [12, Theorem 18]. Thus every weak θ -reﬁnable (or
(sub)metacompact) C-scattered space is D . However, it is not known whether every regular meta-Lindelöf scattered space
is a D-space. Recall that a space X is scattered if every non-empty subspace of X has an isolated point. In the last part of
this note, we show that if X is a regular meta-Lindelöf D-scattered space with locally countable extent, then X is a D-space.
As a corollary, every meta-Lindelöf locally compact Hausdorff space is a D-space.
All the spaces in this note are assumed to be T1-spaces. The set of all positive integers is denoted by N and ω is N∪{0}.
In notation and terminology we will follow [5] and [7].
2. Unions of submetacompactC-scattered spaces
Recall that a space X is called submetacompact if for any open cover U of X there is an open reﬁnement V =⋃{Vn: n ∈ N} such that for each x ∈ X there is nx ∈ N such that ord(x, Vnx ) < ω and ⋃Vn = X for each n ∈ N, where
ord(x, Vnx ) = |{V : x ∈ V and V ∈ Vnx }|.
Lemma 1. ([15, Lemma 3]) Let U = {Uλ: λ < η} be an open cover of X and Xn = {x ∈ X : ord(x, U)  n}, n ∈ N. Then Xn is a
closed subset of X and Fn = {E(λ1, . . . , λn): λ1 < · · · < λn < η} is a discrete (clopen) cover of Xn \ Xn−1 for each n  1, where
E(λ1, . . . , λn) =⋂{Uλi ∩ (Xn \ Xn−1): i  n}, X0 = ∅.
If φ is any neighborhood assignment for a space X and D ⊂ X , then we denote ⋃{φ(d): d ∈ D} by φ(D).
Lemma 2. ([13, Lemma 1]) Suppose X =⋃{Xi : 1  i  n}, and F is a locally ﬁnite family of subsets of Xi for some i  n, and
A = {x: x ∈ X, F is not locally ﬁnite at x}. Then A is a closed subset of X and A ⊂ X \ Xi .
Lemma 3. Let X be a topological space and let Y be a subspace of X . Let φ be any neighborhood assignment for X. If every closed
subspace A of X which is disjoint from Y is a D-space, F is a locally ﬁnite family of subsets of Y such that F is a D-space for each
F ∈ F , and (⋃F) ∩ U = ∅ for some open set U of X, then there is a closed discrete subspace D of X such that D ⊂ X \ U and⋃F ⊂ φ(D).
Proof. Denote X = X1 ∪ X2, where X1 = Y and X2 = X \ Y . Thus F is a locally ﬁnite family of subsets of X1. If A = {x ∈
X : F is not locally ﬁnite at x}, then A is a closed subset of X and A ∩ X1 = ∅ by Lemma 2. Thus A is a D-space. There
is a closed discrete subspace DA ⊂ A such that A ⊂ φ(DA). Since (⋃F) ∩ U = ∅, A ∩ U = ∅. Thus DA ∩ U = ∅. Denote
F ′ = {F \ φ(DA): F ∈ F}. Thus F ′ is a locally ﬁnite family of subsets of X . For each F ′ ∈ F ′ the set F ′ is a D-space.
The family {F ′: F ′ ∈ F ′} is also locally ﬁnite in X and (⋃{F ′: F ′ ∈ F ′}) ∩ U = ∅. Thus there is a closed discrete subspace
D ′ ⊂⋃{F ′: F ′ ∈ F ′} such that ⋃{F ′: F ′ ∈ F ′} ⊂ φ(D ′). If D = DA ∪ D ′ , then D is a closed discrete subspace of X such that⋃F ⊂ φ(D) and D ∩ U = ∅. 
Lemma 4. Let Y ⊂ X and let U be an open cover of Y such that U is a D-space for each U ∈ U . Let φ be any neighborhood assignment
for X. If V is an open subset of X , Xn = {y ∈ Y : ord(y, U) n}, and every closed subset A of X which is disjoint from Y is a D-space,
then there is a closed discrete subspace Dn of X such that Dn ⊂ X \ V and Xn \ V ⊂ φ(Dn), where n ∈ N.
Proof. By Lemma 1, we know that (Xm \ Xm−1) \ V =⋃Fm , where 1m n, X0 = ∅, and Fm is a discrete (clopen) cover
of (Xm \ Xm−1) \ V . If m = 1, then F1 is a discrete (clopen) cover of X1 \ V . Since X1 is closed in Y , the set X1 \ V is closed
in Y . Thus F1 is a discrete closed family in Y . For each F ∈ F1 the set F is contained in U F for some UF ∈ U , hence F is a
D-space. There is a closed discrete subspace D1 ⊂ X \ V such that X1 \ V ⊂ φ(D1) by Lemma 3. For 1m < n, we have a
closed discrete subspace Dm of X such that Dm ⊂ (X \⋃{φ(Dk): k <m}) \ V and (Xm \⋃{φ(Dk): k <m}) \ V ⊂ φ(Dm).
(Xm+1 \ Xm)\ V =⋃Fm+1, where Fm+1 is a discrete (clopen) cover of (Xm+1 \ Xm)\ V . Thus (Xm+1 \ V )\ (⋃{φ(Dk): k
m}) =⋃F ′m+1, where F ′m+1 = {F \ (⋃{φ(Dk): k m}): F ∈ Fm+1}. Thus F ′m+1 is a locally ﬁnite family of closed subsets
of Y . For each F ′ ∈ F ′m+1 there is some F ∈ Fm+1 and some U ∈ U such that F ′ ⊂ F ⊂ U . Thus F ′ ⊂ U , hence F ′ is a
D-space. By Lemma 3 there is a closed discrete subspace Dm+1 of X such that Dm+1 ⊂ X \ (V ∪ (⋃{φ(Dk): k m})) and
Xm+1 \ (V ∪ (⋃{φ(Dk): k m})) ⊂ φ(Dm+1). If D =⋃{Dm: m  n}, then D is a closed discrete subspace of X , D ∩ V = ∅,
and Xn \ V ⊂ φ(D). 
L.-X. Peng / Topology and its Applications 159 (2012) 869–876 871Theorem 5. Let X =⋃{Xn: n ∈ N} and let Xn =⋃{X〈n,m〉:m ∈ N} for each n ∈ N. Let φ be any neighborhood assignment for X. If for
any open subset U of X, for each n ∈ N, and for each m ∈ N, there is a closed discrete subspace D〈n,m〉 of X such that D〈n,m〉 ⊂ X \ U
and X〈n,m〉 \ U ⊂ φ(D〈n,m〉), then there is a closed discrete subspace D of X such that X = φ(D).
Proof. There is a closed discrete subspace D〈1,1〉 of X such that X〈1,1〉 ⊂ φ(D〈1,1〉). For n ∈ N, m ∈ N, p ∈ N, and q ∈ N,
we denote 〈p,q〉 < 〈n,m〉 if and only if p + q < n + m or p + q = n + m and p < n. For n ∈ N and m ∈ N, we assume
that there is a closed discrete subspace D〈p,q〉 of X such that X〈p,q〉 \⋃{φ(D〈p′,q′〉): 〈p′,q′〉 < 〈p,q〉} ⊂ φ(D〈p,q〉) for each
〈p,q〉 < 〈m,n〉. Thus there is a closed discrete subspace D〈n,m〉 of X such that D〈n,m〉 ⊂ X \⋃{φ(D〈p,q〉): 〈p,q〉 < 〈n,m〉} and
X〈n,m〉 \⋃{φ(D〈p,q〉): 〈p,q〉 < 〈n,m〉} ⊂ φ(D〈n,m〉). If D =⋃{D〈n,m〉: n ∈ N, m ∈ N}, then X = φ(D).
For each x ∈ X there are n ∈ N and m ∈ N such that x ∈ X〈n,m〉 . If Ox =⋃{φ(D〈p,q〉): 〈p,q〉  〈n,m〉}, then x ∈ Ox and
Ox ∩ D〈p′,q′〉 = ∅ if 〈p′,q′〉 > 〈n,m〉. The set ⋃{D〈p,q〉: 〈p,q〉 〈n,m〉} is a closed discrete subspace of X , hence D is a closed
discrete subspace of X . 
Recall that a space X is locally D if for every x ∈ X there is a neighborhood Vx of x such that Vx with the relative
topology of X is a D-space.
A space X is called weak θ -reﬁnable [18] if for any open cover U of X there is an open reﬁnement V =⋃{Vi : i ∈ N}
satisfying:
(1) {⋃Vi : i ∈ N} is a point-ﬁnite open cover of X ;
(2) for any x ∈ X there is some i ∈ N such that 1 ord(x, Vi) < ω.
The open reﬁnement V of U is called a weak θ -reﬁnement of U . If an open cover V of X satisﬁes the conditions (1)
and (2), then the cover V is called a weak θ -open cover of X .
Since this covering property is not so well known, we point out that submetacompact (also called θ -reﬁnable) implies
weak θ -reﬁnable [18].
Let K denote a class of spaces which are hereditary with respect to closed subspaces. A space X is called a K-scattered
space [20] if for any non-empty closed subset F of X , there is some x ∈ F such that the point x has a neighborhood Vx
in the subspace F such that Vx ∈ K; we call Vx a K neighborhood of x in F . Let 2X denote the collection of all closed
subspaces of a space X . For each F ∈ 2X , let F ∗ = {x: x has no K neighborhood in F }. Let X (0) = X and X (α+1) = (X (α))∗ for
each ordinal α. If λ is a limit ordinal, then let X (λ) =⋂{X (α): α < λ}. For any K-scattered space X , there is some ordinal α
such that X (α) = ∅. We deﬁne rank(X) = inf{α: X (α) = ∅}. If rank(X) = α + 1 for some ordinal α, then X (α) is a closed
subspace of X and is locally K. If X is locally K, then rank(X) = 1. We know that if X is a regular K-scattered space then
for any non-empty closed subset F of X , there is some x ∈ F such that the point x has an open neighborhood Vx in X such
that Vx ∩ F ∈K.
Lemma 6. ([12, Theorem 18]) If X is a weak θ -reﬁnableD-scattered space, then X is a D-space.
Corollary 7. If X is a submetacompactD-scattered space, then X is a D-space.
Recall that if X is a submetacompact locally D-space then every closed subspace of X is a submetacompact locally
D-space.
Theorem 8. If a regular locally D-space X is the union of a ﬁnite collection {Xi : 1  i  k} of submetacompact spaces, then X is a
D-space.
Proof. We argue by induction on k.
(1) If k = 1, then X is a D-space by Corollary 7.
(2) Assume the statement holds for k = n, where n ∈ N. Let us show that it is also true for k = n + 1.
For each x ∈ X there is an open neighborhood Vx of x such that Vx is a D-space. For each 1  i  n + 1, Xi ⊂⋃{Vx :
x ∈ Xi}. Thus the open cover {Vx ∩ Xi : x ∈ Xi} of Xi has an open (in Xi) reﬁnement Vi =⋃{Vim: m ∈ N} such that for each
x ∈ Xi there is some mx ∈ N such that 1 ord(x, Vimx ) < ω and
⋃Vim = Xi for each m ∈ N. For each V ∈ Vi , the set V is
contained in some Vx . Thus V is a D-space for each V ∈ Vi . If A is a closed subset of X and A∩ Xi = ∅, then A is a D-space
by induction.
Let φ be any neighborhood assignment for X . For each 1  i  n + 1 and for each m, l ∈ N, we denote Fiml =
{x: x ∈ Xi and ord(x, Vim)  l}. For any open subset U of X , there is a closed discrete subspace Diml of X such that
Diml ⊂ X \ U and Fiml \ U ⊂ φ(Diml) by Lemma 4. Thus there is a closed discrete subspace D of X such that X = φ(D)
by Theorem 5, hence X is a D-space. 
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D-space.
Proof. We proceed by transﬁnite induction on the rank of X . Let rank(X) = α and let φ be any neighborhood assignment
for X .
If α = 1, then X is a locally D-space and is the union of a ﬁnite collection {Xi : 1  i  k} of submetacompact spaces,
hence X is a D-space by Theorem 8.
Assume the statement is true if α < β . We prove that the statement is also true if α = β .
(1) Assume β = γ + 1 for some ordinal γ . The set X (γ ) is a closed locally D-subspace of X and is the union of a ﬁnite
collection {Xi ∩ X (γ ): 1 i  k} of submetacompact spaces, hence X (γ ) is a D-space by Theorem 8. There is a closed discrete
subspace D1 of X such that D1 ⊂ X (γ ) and X (γ ) ⊂ φ(D1). If F = X \φ(D1), then F is a closed subset of X and rank(F ) < β .
Since F =⋃{F ∩ Xi : 1 i  k} is D-scattered with rank(F ) < β and Xi ∩ F is submetacompact for each 1 i  k, the set F
is a D-space by induction. There is a closed discrete subspace D2 of X such that D2 ⊂ F and F ⊂ φ(D2). If D = D1 ∪ D2,
then D is a closed discrete subspace of X and X = φ(D). Thus X is a D-space if β = γ + 1 for some ordinal γ .
(2) β is a limit ordinal. For each x ∈ X there is some γ < β such that x ∈ X \ X (γ ) . Since X (γ ) is a closed subset of X
and X is regular, there is an open neighborhood Vx of x such that x ∈ Vx ⊂ Vx ⊂ X \ X (γ ) . Thus rank(Vx) < β and Vx is
the union of a ﬁnite collection {Xi ∩ Vx: 1 i  k} of submetacompact spaces. Thus Vx is a D-space by induction. So X is
a locally D-space and is the union of a ﬁnite collection {Xi : 1 i  k} of submetacompact spaces. Thus X is a D-space by
Theorem 8.
So we have proved that X is a D-space. 
Corollary 10. ([9, Theorem 4.1]) If a regularD-scattered space X is the union of a ﬁnite collection of subparacompact andmetacompact
spaces, then X is a D-space.
Lemma 11. ([20, Lemma 1.1]) If a regular space X is the union of a ﬁnite collection of C-scattered spaces, then X is a C-scattered
space.
By Theorem 9 and Lemma 11, we have:
Theorem 12. If a regular space X is the union of a ﬁnite collection of submetacompactC-scattered spaces, then X is a D-space.
Theorem 12 gives a positive answer to the question of Martínez in [9].
3. On the product of weak θ -reﬁnableC-scattered spaces
In [9], it was proved that the product of a regular subparacompact C-scattered space and a Lindelöf D-space is a D-space.
In [14], it was proved that the product of a ﬁnite collection {Xi : i  n} of regular weak θ -reﬁnable C-scattered spaces is a
D-space [14, Theorem 1]. But there is a gap in the proof of Theorem 1 in [14]. We will explain this before Lemma 17. In
what follows, we discuss the D-property of the product of a ﬁnite collection of regular weak θ -reﬁnable C-scattered spaces
and a Lindelöf D-space. By the main result of this section, some of the known conclusions which appear in [9] and [14] are
generalized.
By the proof of Lemma 15 in [12], we can get the following lemma. This conclusion also appears in [17].
Lemma 13. ([17, Theorem 9]) Let X be a space. If U is a weak θ -open cover of X and U is a D-space for each U ∈ U , then X is a
D-space.
Lemma 14. Let X = (∏ni=1 Xi) × Y and let Vi = ⋃{V ik: k ∈ N} be a weak θ -open cover of Xi for each 1  i  n. If V =⋃{V(l1, l2, . . . , ln): li ∈ N, 1 i  n}, then V is a weak θ -open cover of X , where V(l1, l2, . . . , ln) = {(∏ni=1 Vli )×Y : Vli ∈ V ili , i  n}.
Proof. We know that V is an open cover of X . If x = (x1, x2, . . . , xn, y) ∈ X , then for 1  i  n there is some li ∈ N such
that 1 ord(xi, V ili ) < ω. Thus 1 ord(x, V(l1, l2, . . . , ln)) < ω. For each 1 i  n there is some pi ∈ N such that xi /∈
⋃V ili
if li > pi , since 1 ord(xi, {⋃V ik: k ∈ N}) < ω. Thus x /∈⋃V(l1, l2, . . . , ln) if there is some i such that li > pi . So V is a weak
θ -open cover of X . 
The following result will be useful to prove the main theorem of this section.
Lemma 15. ([9, Lemma 2.2]) Assume that Y is a Lindelöf D-space. Assume that X is a space such that there is a compact set A ⊂ X in
such a way that for every open set U in X with A ⊂ U , (X \ U ) × Y is a D-space. Then X × Y is a D-space.
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Denote ON = {x: x is an ordinal} and ONn = {x: x = (αi : 1 i  n), αi ∈ ON, 1 i  n}. If x = (xi : 1 i  n) ∈ ONn and
y = (yi : 1 i  n) ∈ ONn , then we say that x y if and only if there is some i  n such that xi < yi and x j = y j for each
j < i. Denote L = {x: x = (xi : 1 i  n) ∈ ONn and xi = 0 for each 1 i  n}. Thus the smallest element of L is (1,1, . . . ,1).
If X and Y are C-scattered spaces, rank(X) = α, rank(Y ) = β , and α = β , then (α,β) = (β,α). We know that X × Y and
Y × X are homeomorphic. However, (α,β) = (β,α). Thus we cannot deﬁne g(X × Y ) = (rank(X), rank(Y )). This is the gap
in the proof of Theorem 1 in [14].
To avoid this contradiction, we deﬁne g(X × Y ) = (rank(X), rank(Y )) if rank(X)  rank(Y ), otherwise, g(X × Y ) =
(rank(Y ), rank(X)). Let n ∈ N. If Xi is a C-scattered space with rank(Xi) = αi for each i  n, then we deﬁne g(∏ni=1 Xi) =
(αki : 1 i  n), where {ki : 1 i  n} = {i: 1 i  n} and αki  αk j if i  j.
Lemma 17. Let Xi and Yi beC-scattered spaces for each 1 i  n and rank(Xi) rank(Xi+1) for each i < n. If rank(Yi) rank(Xi)
for each i  n and there is some j  n such that rank(Y j) < rank(X j), then g(
∏n
i=1 Yi) g(∏ni=1 Xi).
Proof. Denote g(
∏n
i=1 Xi) = (αi : i  n), where rank(Xi) = αi for each i  n. Denote g(
∏n
i=1 Yi) = (βmi : i  n), where
rank(Ymi ) = βmi , {mi : i  n} = {i: i  n}, and βmi  βmj if i  j.
We argue by induction on j.
(1) If j = 1, then rank(Y1) < rank(X1) = min{rank(Xi): i  n}. Thus min{rank(Yi): i  n} < min{rank(Xi): i  n}. So
g(
∏n
i=1 Yi) g(∏ni=1 Xi).
(2) Assume the statement is true if j  k < n, we prove that it is true if j = k + 1.
If there is some i′  k such that rank(Yi′ ) < rank(Xi′), then g(
∏n
i=1 Yi) g(∏ni=1 Xi) by induction. So we assume that
rank(Yi) = rank(Xi) for each i  k. We know that rank(Yk+1) < rank(Xk+1).
(1) If min{rank(Yi): k + 1 i  n} rank(Yk) = rank(Xk), then αi = βmi for each i  k and βmk+1 = min{rank(Yi): k + 1
i  n} rank(Yk+1) < rank(Xk+1) = αk+1. Thus g(∏ni=1 Yi) g(∏ni=1 Xi).
(2) min{rank(Yi): k + 1 i  n} < rank(Yk). If min{rank(Yi): k + 1 i  n} < rank(X1) = α1, then g(∏ni=1 Yi) g(∏ni=1 Xi).
So we assume min{rank(Yi): k+1 i  n} rank(X1). There is some 1 p < k such that rank(Xp)min{rank(Yi): k+
1  i  n} < rank(Xp+1). Thus αi = βmi if i  p and βmp+1 = min{rank(Yi): k + 1  i  n} < rank(Xp+1) = αp+1. Thus
g(
∏n
i=1 Yi) g(∏ni=1 Xi). 
Theorem 18. Let n ∈ N and let X = (∏ni=1 Xi) × Y . If Xi is a regular weak θ -reﬁnable C-scattered space for each i  n and Y is a
Lindelöf D-space, then X is a D-space.
Proof. For each i  n, denote rank(Xi) = αi . We can assume αi  αi+1 for each i < n.
We proceed by transﬁnite induction on g(
∏n
i=1 Xi).
If g(
∏n
i=1 Xi) = (1,1, . . . ,1), then Xi is a locally compact space for each i  n. For each i  n and for each x ∈ Xi ,
there is an open neighborhood Vx of x in Xi such that Vx(Xi) is compact. The open cover {Vx: x ∈ Xi} of Xi has a weak
θ -open reﬁnement Vi =⋃{V ik: k ∈ N}. For each i ∈ N and for each ki ∈ N, the set Viki (Xi) is compact for each Viki ∈ V iki .
Thus (
∏n
i=1 Viki ) × Y = (
∏n
i=1 Viki (Xi)) × Y is a D-space by Lemma 16. If V =
⋃{V(l1, l2, . . . , ln): li ∈ N, 1  i  n}, where
V(l1, l2, . . . , ln) = {(∏ni=1 Vli ) × Y : Vli ∈ V ili , i  n}, then V is a weak θ -open cover of X by Lemma 14. For each V ∈ V the
set V is a D-space, thus X is D-space by Lemma 13.
Now we are assuming (1,1, . . . ,1) (α1,α2, . . . ,αn) and assuming that if g(∏ni=1 Zi) (αi : 1 i  n) then (∏ni=1 Zi)×Y
is a D-space, where Zi is a regular weak θ -reﬁnable C-scattered space for each 1 i  n.
(1) If there is some i  n such that αi is a limit ordinal, then we can assume that i = 1. Thus rank(X1) = α1 is a limit
ordinal. For each x ∈ X1 there is an open neighborhood Vx of x in X1 such that rank(Vx(X1)) < α1. Since X1 is a weak
θ -reﬁnable space, the open cover {Vx: x ∈ X1} of X1 has a weak θ -open reﬁnement V =⋃{Vn: n ∈ N}. For each V ∈ V ,
rank(V (X1)) < α1. Thus g(V (X1) ×∏ni=2 Xi) (αi : 1 i  n) and hence (V (X1) ×∏ni=2 Xi) × Y is a D-space by induction. If
V∗m = {(Vm ×
∏n
i=2 Xi) × Y : Vm ∈ Vm} for each m ∈ N, then V∗ =
⋃{V∗m: m ∈ N} is a weak θ -open cover of X by Lemma 14.
Since V ∗ is a D-space for each V ∗ ∈ V∗ , X is a D-space by Lemma 13.
(2) For each i  n, αi = βi + 1 for some ordinal βi . For each x ∈ Xi , there is an open neighborhood Vx of x in Xi such
that Vx(Xi) ∩ X (βi)i = ∅ if x /∈ X (βi)i , otherwise Vx(Xi) ∩ X (βi)i is compact. Since we are assuming (1,1, . . . ,1) (α1,α2, . . . ,αn),
there is some j such that 1 < α j . If αi = 1 for some 1 i  n, then βi = 0, X (βi)i = Xi , and Vx(Xi) ∩ X (βi)i = Vx(Xi) . Since Xi
is a weak θ -reﬁnable space, the open cover {Vx: x ∈ Xi} of Xi has a weak θ -open reﬁnement Vi =⋃{V ik: k ∈ N}. For each
V ∈ Vi , V (Xi) ∩ X (βi)i = ∅ or V (Xi) ∩ X (βi)i is compact. Denote V∗ = {(
∏n
i=1 Vi) × Y : Vi ∈ Vi, i  n}. The family V∗ is a weak
θ -open cover of X by Lemma 14.
For each i  n and for each Vi ∈ Vi , we show that (∏ni=1 Vi) × Y is a D-space in what follows.
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∏n
i=1 Vi (Xi))  (αi : 1  i  n) by Lemma 17,
hence (
n∏
i=1
Vi
(Xi)
)
× Y =
(
n∏
i=1
Vi
)
× Y (1)
is a D-space by induction.
So we assume that Vi (Xi) ∩ X (βi)i = ∅ for every i  n. Thus Vi (Xi) ∩ X (βi)i is compact for each i  n. If U is an open set of∏n
i=1 Vi (Xi) and
∏n
i=1(Vi (Xi) ∩ X (βi)i ) ⊂ U , there is an open subset Ui of Vi (Xi) such that Vi (Xi) ∩ X (βi)i ⊂ Ui and
∏n
i=1 Ui ⊂ U .
Thus (
∏n
i=1 Vi (Xi)) \
∏n
i=1 Ui =
⋃{Yi : i  n}, where Yi = (∏ j<i V j (X j)) × (Vi (Xi) \ Ui) × (∏i< jn V j (X j)) for each i  n.
Since (Vi (Xi) \ Ui) ∩ X (βi)i = ∅, rank(Vi (Xi) \ Ui) < αi . Thus g(Yi) g(∏ni=1 Xi) by Lemma 17. Thus Yi × Y is a D-space
by induction. So ((
∏n
i=1 Vi (Xi)) \
∏n
i=1 Ui) × Y is the union of a ﬁnite collection of closed D-spaces, hence ((
∏n
i=1 Vi (Xi)) \∏n
i=1 Ui)× Y is a D-space. Since ((
∏n
i=1 Vi (Xi))\U )× Y is closed and is contained in ((
∏n
i=1 Vi (Xi))\
∏n
i=1 Ui)× Y , it follows
that ((
∏n
i=1 Vi (Xi)) \ U ) × Y is a D-space. Since
∏n
i=1(Vi (Xi) ∩ X (βi)i ) is compact and ((
∏n
i=1 Vi (Xi)) \ U ) × Y is a D-space if
U is open in
∏n
i=1 Vi (Xi) and
∏n
i=1(Vi (Xi) ∩ X (βi)i ) ⊂ U , the space (
∏n
i=1 Vi (Xi)) × Y is a D-space by Lemma 15. Thus X is a
D-space by Lemma 13. 
Corollary 19. ([14, Theorem 1]) Let n ∈ N. If Xi is a regular weak θ -reﬁnable C-scattered space for each i  n, then ∏ni=1 Xi is a
D-space.
Corollary 20. Let n ∈ N and let X = (∏ni=1 Xi)×Y . If Xi is a regular subparacompact (metacompact, or submetacompact)C-scattered
space and Y is a Lindelöf D-space, then X is a D-space.
Corollary 21. Let n ∈ N and let X = (∏ni=1 Xi)×Y . If Xi is a regular subparacompact (metacompact, or submetacompact)C-scattered
space and Y is the Sorgenfrey line, then X is a D-space.
Corollary 22. ([9, Theorem 2.1]) If X is a regular subparacompact C-scattered space and Y is a Lindelöf D-space, then X × Y is a
D-space.
4. On meta-Lindelöf spaces with certain local properties
We know that every weak θ -reﬁnable D-scattered space is a D-space [12, Theorem 18]. Thus every weak θ -reﬁnable (or
(sub)metacompact) C-scattered space is D . The following question appears in [8, Question 3.6]:
Is every meta-Lindelöf regular scattered space a D-space?
Recall that a space X is said to have countable extent if every closed discrete subspace of X is countable. Let us recall
some properties of meta-Lindelöf spaces.
Proposition 23. If X is a regular meta-Lindelöf locally separable space, then X is paracompact.
The proof of Proposition 23 can be found in [5, Theorem 3.12].
By Lemma 6 and Proposition 23, we have:
Corollary 24. If X is a regular meta-Lindelöf locally separableD-scattered space, then X is a D-space.
The proof of the ﬁrst part of the following Lemma 25 is analogous to the proof of the ﬁrst part of Theorem 3 which
appears in [12]. Also, the argument given in the proof of Lemma 25 is a reﬁnement of the argument given by Mashburn in
[11]. To assist the reader, we give the proof.
Lemma 25. If X has a point-countable open cover V such that V is Lindelöf D for each V ∈ V , then X is a D-space.
Proof. Let φ = {φ(x): x ∈ X} be any neighborhood assignment for X . We can assume X = {xα : α < γ }, where γ is a cardinal.
Suppose for each α < β , we have chosen a closed discrete subspace Dα satisfying the following conditions:
(1) xα ∈⋃{φ(Dη): η α};
(2)
⋃{Dη: η < α} is a closed discrete subspace of X ;
(3) Dα ∩ (⋃{φ(Dη): η < α}) = ∅;
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Before we construct Dβ , let us show that D ′β =
⋃{Dα : α < β} is a closed discrete subspace of X .
By the condition (2), we know that for any α < β , D ′α =
⋃{Dη: η < α} is a closed discrete subspace of X . In what
follows, we show that D ′β is a closed discrete subspace of X .
Firstly, suppose β is a limit ordinal.
If x /∈⋃{φ(Dα): α < β}, then V ∩ (⋃{Dα : α < β}) = ∅ for each V ∈ V with x ∈ V by the condition (4).
If x ∈⋃{φ(Dα): α < β}, then we let αx be the minimal ordinal such that x ∈ φ(Dαx ) \⋃{φ(Dη): η < αx}. By the condi-
tion (2), we know that
⋃{Dη: η < αx} is a closed discrete subspace of X . Since Dαx is also a closed discrete subspace of X ,
there is an open neighborhood Vx of x such that |Vx ∩ (⋃{Dη: η  αx})| 1. Thus |(Vx ∩ φ(Dαx )) ∩ (⋃{Dα : α < β})| 1.
Thus the set D ′β is a closed discrete subspace of X if β is a limit ordinal.
Secondly, suppose β = α + 1 for some ordinal α. So D ′β =
⋃{Dη: η < β} =⋃{Dη: η  α} = (⋃{Dη: η < α}) ∪ Dα . By
the condition (2), we know that D ′α =
⋃{Dη: η < α} and Dα are closed discrete subspaces of X . So D ′β is a closed discrete
subspace of X .
We let Uβ =⋃{φ(Dη): η < β}. Now we construct Dβ .
If xβ ∈ Uβ , then we let Dβ = ∅. So we assume that xβ /∈ Uβ . We choose some Vβ ∈ V such that xβ ∈ Vβ . Thus Vβ \Uβ = ∅.
The space Vβ \Uβ is a Lindelöf D-space, so there is a countable closed discrete subspace E1 ⊂ Vβ \Uβ such that Vβ \Uβ ⊂
φ(E1). Since |{V : V ∩ E1 = ∅, V ∈ V}|  ω, enumerate {V : V ∩ E1 = ∅, V ∈ V} by {F p : p is a prime number}. Denote
V ′1 = {V : V ∩ E1 = ∅, V ∈ V}.
If there is no member F of V ′1 such that F ⊂ Uβ ∪ φ(E1), we deﬁne Dβ = E1. Otherwise, we take the ﬁrst member F
of V ′1 such that F ⊂ Uβ ∪ φ(E1). The set F \ (Uβ ∪ φ(E1)) is a closed Lindelöf D-space. There is a countable closed discrete
subspace E2 of X such that E2 ⊂ F \ (Uβ ∪ φ(E1)) ⊂ φ(E2). If V ′2 = {V : V ∩ E2 = ∅, V ∈ V, and V /∈ V ′1}, then V ′2 is a
countable family of subsets of X . We enumerate V ′2 by the squares of prime numbers.
Suppose we have ﬁnished n steps. We have a countable closed discrete subspace Ei of X and a countable family V ′i ={V : V ∩ Ei = ∅, V ∈ V, V /∈ V ′j, j < i} which is enumerated by the i-th powers of prime numbers for each i  n.
If (
⋃{φ(Ei): i  n}) ∪ Uβ = X , then stop the induction, and let Dβ =⋃{Ei : i  n}. So we assume (⋃{φ(Ei): i  n}) ∪
Uβ = X .
If F ⊂ (⋃{φ(Ei): i  n}) ∪ Uβ for each F ∈⋃{V ′i : i  n}, then we let Dβ =⋃{Ei : i  n}. Otherwise, we take the ﬁrst
member F of
⋃{V ′i : i  n} such that F ⊂ (⋃{φ(Ei): i  n})∪Uβ . Since the set F \((⋃{φ(Ei): i  n})∪Uβ) is a closed Lindelöf
D-space, there is a countable closed discrete subspace En+1 of X such that En+1 ⊂ F \ ((⋃{φ(Ei): i  n}) ∪ Uβ) ⊂ φ(En+1).
Since V is point-countable, the set V ′n+1 = {V : V ∩ En+1 = ∅, V ∈ V, V /∈ V ′i , i  n} is countable. We enumerate it by the
(n + 1)-st powers of prime numbers.
If there is some n ∈ N such that F ⊂ (⋃{φ(Ei): i  n}) ∪ Uβ for each F ∈⋃{V ′i : i  n}, then we let Dβ =⋃{Ei : i  n}.
Otherwise, we let Dβ =⋃{Ei : i ∈ N}. Let us show that the set Dβ is a closed discrete subspace of X .
If Dβ is the union of a ﬁnite collection of closed discrete subspaces of X , then Dβ is a closed discrete subspace of X . So
we assume Dβ is the union of an inﬁnite collection of closed discrete subspaces of X .
If y ∈ (⋃{φ(Ei): i ∈ N})∪Uβ , then y is not an accumulation point of Dβ . So we assume y ∈ X \ ((⋃{φ(Ei): i ∈ N})∪Uβ).
Since X =⋃V , there is some V ∈ V such that y ∈ V . If V ∩ Dβ = ∅, then y is not an accumulation point of Dβ . We
assume V ∩ Dβ = ∅. Denote m = min{n: V ∩ En = ∅}. Thus V ∈ V ′m , the set V ′m is enumerated by the m-th powers of prime
numbers. We can assume V = Fqm , where q is a prime number. There is some n′ ∈ N such that qm < 2n′ and n′ >m. The set
{pi : pi < qm, i  n′ and p is a prime number} is a ﬁnite set. Thus there is some n > n′ such that l = min{s: Fs ∈⋃{V ′i : i  n}
and Fs ⊂ (⋃{φ(Ei): i  n}) ∪ Uβ} qm . If l > qm , then V ⊂ Uβ ∪ (⋃{φ(Ei): i  n}) which contradicts our assumption on y.
If l = qm , then V = Fqm ⊂ Uβ ∪ (⋃{φ(Ei): i  n}). Thus En+1 ⊂ V \ (Uβ ∪ (⋃{φ(Ei): i  n})) such that V \ (Uβ ∪
(
⋃{φ(Ei): i  n})) ⊂ φ(En+1). Thus V ⊂ (Uβ ∪ (⋃{φ(Ei): i  n + 1})). So V ∩ Ek = ∅ if k > n + 1. Thus the point y is
not an accumulation point of Dβ . Thus Dβ is a closed discrete subspace of X . So the family {Dη: η  β} satisﬁes the
conditions (1), (2), (3). We prove that the condition (4) is also satisﬁed.
Let x be any point of X \⋃{φ(Dη): η  β}. For each η′ < β the point x ∈ X \⋃{φ(Dη): η  η′}. Thus V ∩ Dη′ = ∅
if V ∈ V and x ∈ V . Let F ∈ V with x ∈ F . If Dβ =⋃{Ei : i  n} for some n ∈ N and F ∩ Dβ = ∅, then there is some
j  n such that F ∩ E j = ∅. Thus F ⊂ (⋃{φ(Dη): η < β}) ∪ (⋃{φ(Ei): i  n}) which contradicts our assumption on x. Thus
F ∩ Dβ = ∅. Now we assume that Dβ =⋃{Ei : i ∈ N}. If F ∩ Dβ = ∅, then there is some n ∈ N such that F ∩ En = ∅. Thus
F ⊂ (⋃{φ(Ei): i m}) ∪ (⋃{φ(Dη): η < β}) for some m > n. This is a contradiction with x ∈ X \⋃{φ(Dη): η  β}. Thus
F ∩ Dβ = ∅. So we have proved that V ∩ Dη = ∅ for each η β if V ∈ V and x ∈ V .
Hence the condition (4) is satisﬁed.
If D =⋃{Dα : α < γ }, then X = φ(D). We can see that D is a closed discrete subspace of X . Thus X is a D-space. 
Corollary 26. If X is a meta-Lindelöf locally compact Hausdorff space, then X is a D-space.
Theorem 27. If X is a regular meta-LindelöfC-scattered space with a ﬁnite rank, then X is a D-space.
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If m = 1, then X is a meta-Lindelöf locally compact regular space. Thus X is a D-space by Corollary 26.
Assume the statement is true for m n, we show that the statement is also true if rank(X) = n + 1.
If rank(X) = n + 1, then X (n) is a meta-Lindelöf locally compact regular space. Thus X (n) is a D-space. There is a closed
discrete subspace D1 ⊂ X (n) such that X (n) ⊂ φ(D1). If F = X \ φ(D1), then rank(F ) n. Thus F is a D-space by induction.
There is a closed discrete subspace D2 ⊂ F such that F ⊂ φ(D2). If D = D1 ∪ D2, then D is a closed discrete subspace of X
and X = φ(D). Thus X is a D-space. 
Let X be a space. If V is a cover of X and x ∈ X , then we denote st(x, V) =⋃{V : x ∈ V and V ∈ V} .
Proposition 28. If X is a meta-Lindelöf space with countable extent, then X is Lindelöf.
Proof. Let U be any open cover of X . Since X is meta-Lindelöf, the open cover U of X has a point-countable open reﬁne-
ment V . There is an ordinal β and a subset {xα : α < β} of X such that xα ∈ X \⋃{st(xγ , V): γ < α} for each α < β and
X =⋃{st(xα, V): α < β}. Thus every element V of V meets at most one point of {xα : α < β}. So the set {xα : α < β} is
closed discrete in X . Since X has countable extent, the ordinal β is countable. The open cover V of X is point-countable
and β is countable, so it follows that the family {V : V ∈ V and there is some α < β such that xα ∈ V } is a countable cover
of X . Since V is a reﬁnement of U , there is a countable family U1 ⊂ U such that X =⋃U1. Thus X is Lindelöf. 
Theorem 29. If X is a regular meta-LindelöfD-scattered space with locally countable extent, then X is a D-space.
Proof. Since X is a regular space with locally countable extent, for any x ∈ X there is an open neighborhood Vx of x such
that Vx has countable extent. Thus Vx is Lindelöf by Proposition 28. So Vx is a regular Lindelöf D-scattered space, hence Vx
is a D-space by Lemma 6. So Vx is Lindelöf D . If V is a point-countable open reﬁnement of {Vx: x ∈ X}, then ⋃V = X and
V is Lindelöf D for each V ∈ V . Thus X is a D-space by Lemma 25. 
Corollary 30. If X is a regular meta-LindelöfC-scattered space with locally countable extent, then X is a D-space.
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